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1. Introduction
Let G be a ﬁnite group, and K be a subﬁeld of the complex ﬁeld C. For a multiple h of the exponent
eG of G , we denote ωh ∈ C a primitive hth root of unity. As usual, Z[ωh] denotes the ring generated
by ωh over the integer ring Z, and Q(ωh) denotes the ﬁeld generated by ωh over the rational ﬁeld Q.
We adopt the notation in [6], and consider three classical rings of characters of G:
• R(G), consisting of all Z-combinations of the irreducible characters of G over C;
• RK (G), consisting of all Z-combinations of the irreducible characters of G over K ;
• RK (G), consisting all the functions in R(G) which take values in K .
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RK (G) := S ⊗Z RK (G) (writing − ⊗ − instead of − ⊗Z − for short) consists of all the S-combinations
of the irreducible characters of G over K .
In [6, §11.4] it is shown that the spectrum Spec(Z[ωh] ⊗ R(G)) of the commutative ring
Z[ωh] ⊗ R(G) is a connected topological space with the Zariski topology. We are interested in the
spectrums of these three types of character rings for general S-coeﬃcients.
Let π be a set of rational primes and denote by π ′ the set of the rational primes which are not
in π . Then π determines the localized ring:
Zπ := {a/b | a,b ∈ Z and p  b, ∀p ∈ π},
where p  b means that p does not divide b, and we also consider the integral extension Zπ [ωh].
A conjugacy class C of G is called a π -regular class (or a π ′-class) if the elements in C are π -regular
elements (or π ′-elements), i.e. their order is coprime to any p ∈ π . Ref. [3] shows that the number of
connected components of Spec(Zπ [ωh] ⊗ R(G)) is equal to the number of π -regular classes of G . For
the characters over the ﬁeld K we have to consider the following Galois group.
Denote Γh = (Z/hZ)× , the multiplicative group of the units of the residue ring of Z modulo h.
There is a subgroup Γh,K of Γh which is isomorphic to the Galois group Gal(K (ωh)/K ); actually, each
t ∈ Γh,K corresponds to σt ∈ Gal(K (ωh)/K ) fulﬁlling σt(ωh) = ωth . At the same time, Γh,K acts on
the set G by mapping x ∈ G to xt , where t ∈ Γh,K ; i.e. we have a homomorphism Γh,K → Sym(G),
where Sym(G) denotes the symmetric group of the set G . Since we are assuming that eG | h, there
is a natural surjective homomorphism Γh,K → ΓeG ,K , which is consistent with the homomorphism
Gal(K (ωh)/K ) → Gal(K (ωeG )/K ) of Galois groups; on the other hand, the following diagram is com-
mutative (see [4, Proposition 1.2]):
Γh,K ΓeG ,K
Sym(G)
which implies that the action of Γh,K on G is essentially the same as the action of ΓeG ,K on G .
Further, the Γh,K -action commutes with the conjugation action of the group G on the set G . Thus
Γh,K ×G acts on the set G , and any (Γh,K ×G)-orbit of the set G is said to be a Γh,K -class, or K-class;
see [6, §12.4], or [4, §1] for more details. A K -class C is said to be π -regular if the elements in C are
π -regular.
For any decomposition h = h′h′′ with h′ and h′′ coprime, the natural maps induce an embedding
Γh,K ↪→ Γh′,K × Γh′′,K . If the embedding is always an equality, then we say that Γh,K is coprimely
splitting. With this condition we’ll prove the following result.
1.1. Theorem. Let S be a subring of C such that S ∩ Q(ωh)∩ K = Zπ [ωh] ∩ K . If ΓeG ,K is coprimely splitting,
then the number of connected components of Spec(S ⊗ RK (G)) is equal to the number of π -regular K -classes
of G.
1.2. Corollary. If ΓeG ,K is coprimely splitting, then the number of connected components of Spec(Zπ [ωh] ⊗
RK (G)) is equal to the number of π -regular K -classes of G.
Though the coprimely splitting condition seems restricted, it covers three of the most classical
cases. Obviously, C and R satisfy this condition, since Γh,C = 1 and Γh,R = {±1} for h > 2; in fact, any
R-class (i.e. {±1}-class) of G is the union of a class C and its inversion class C−1. On the other hand,
by Chinese Remainder Theorem, Γh,Q = (Z/hZ)× is coprimely splitting. The following consequences
follow at once.
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(i) (See [3].) The number of connected components of Spec(Zπ [ωh] ⊗ R(G)) is equal to the number of π -
regular classes of G.
(ii) The number of connected components of Spec(Zπ [ωh] ⊗ RR(G)) is equal to the number of π -regular
R-classes of G.
(iii) The number of connected components of Spec(Zπ ⊗ RQ(G)) is equal to the number of conjugacy classes
of the π -regular cyclic subgroups of G.
On the other hand, we obtain a general result without the coprimely splitting condition.
1.4. Theorem. Let K ′ and K ′′ be subﬁelds of C such that K ′ ∩ K ′′ = K . Let S be a subring of C such that
S ∩ Q(ωh) ∩ K ′ = Zπ [ωh] ∩ K . Then the number of connected components of Spec(S ⊗ RK ′ (G)) is equal to
the number of π -regular K -classes of G.
As consequences, we have the following results.
1.5. Corollary. Let S be a subring of C.
(i) If S ∩Q(ωh)∩ K = Zπ [ωh] ∩ K , then the number of connected components of Spec(S ⊗RK (G)) is equal
to the number of π -regular K -classes of G.
(ii) If S ∩ Q(ωh) = Zπ [ωh] ∩ K , then the number of connected components of the spectrum Spec(S ⊗ R(G))
is equal to the number of π -regular K -classes of G.
The following obvious consequences of (ii) in the corollary seem interesting.
1.6. Corollary.
(i) The number of connected components of Spec(Zπ ⊗ R(G)) is equal to the number of conjugacy classes of
the π ′-cyclic subgroups of G.
(ii) (Artin) The number of connected components of Spec(Q ⊗ R(G)) is equal to the number of conjugacy
classes of the cyclic subgroups of G.
1.7. Remark. It is well known that each connected component of the spectrum of a commutative
ring corresponds to exactly one primitive idempotent of this ring, see Section 3 below. The results
stated above determine in fact all the primitive idempotents of the character rings considered above.
Precisely, for any π ′–K -class C ′ of G , let sπ,K (C ′) be the subset of the elements of G whose π -regular
components are in C ′ , and let f sπ,K (C ′) denote the characteristic function of the subset sπ,K (C ′), i.e.
f sπ,K (C ′)(x) = 1 for x ∈ sπ,K (C ′), and f sπ,K (C ′)(x) = 0 otherwise. Then, the idempotents f sπ,K (C ′) , for
C ′ running over the π ′-regular K -classes of G , are all the primitive idempotents of S ⊗ RK (G) in
Theorem 1.1, see Theorem 3.3 and the proof of Theorem 1.1 in Section 3 below for details.
Section 2 contributes to a construction of characters in RK (G) with the coprimely splitting condi-
tion. Just like many related works, e.g. [1,3], such a construction of characters plays an important role
in the proof of Theorem 1.1, which is completed in Section 3. However, in Section 3 we’ll ﬁrst prove
Theorem 3.3 which is in fact a restatement of Corollary 1.2 with the idempotents described above;
and then we’ll deduce Theorem 1.1 from it.
In Section 4 we prove Theorem 1.4 and its corollaries. In fact, we could prove that the construction
of characters in Section 2 was still valid for RK (G), even without the coprimely splitting condition, and
even easier than for RK (G); hence Corollary 1.5(i) could be proved in the same way as for Theorem 1.1.
But Theorem 1.4 is formulated in a more general framework, and in Section 4, we’ll prove it in a very
quick way by means of Galois actions.
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Let G , K , π , Zπ be as in Introduction. Set ω := ωh with eG | h, A := Zπ [ω], and ΓK := Γh,K . We
start by stating the notation we need on the character rings.
2.1. Notation. Let ψ ∈ R(G) be any absolutely irreducible character. Denote by K (ψ) the extension
of K generated by {ψ(x)}x∈G , and set (ΓK )ψ = {t ∈ ΓK | σt(ψ) = ψ}; obviously, (ΓK )ψ coincides
with the subgroup (ΓK )K (ψ) of ΓK consisting of the elements of ΓK which centralize K (ψ). Set
ψˆ = ∑t∈ΓK /(ΓK )ψ σt(ψ); then such ψˆ ’s form a Z-basis, called the classical basis, of RK (G). On the
other hand, there is a positive integer m, called the Schur index, such that χ :=mψˆ is an irreducible
character of G over K , and such χ ’s form the classical Z-basis of RK (G). For all this see [6, Chap-
ter 12].
For any subset T ⊆ G , by f T we denote the characteristic function of T , that is, f (x) = 1 for x ∈ T ,
and f (x) = 0 otherwise. In particular, for a K -class C of G , the fC is the characteristic function of the
K -class C . By [6, §12.7, Lemma 15] we have that
|G| · fC ∈ A ⊗ RK (G) (2.1.1)
where |G| denotes the cardinality of G .
In the following, let p ∈ π , and M be a prime ideal of A such that M ⊇ pA. Recall that any
x ∈ G is uniquely written as x = xp′xp where xp′ is a p′-element (i.e. p-regular element) and xp is
a p-element and xpxp′ = xp′xp ; and xp′ is called the p′-component (or p-regular component) of x. By
[6, §12.7, Lemma 16], we have that
f (x) ≡ f (xp′) (mod M), ∀ f ∈ A ⊗ RK (G). (2.1.2)
We say that x is K-conjugate to x′ ∈ G if x′ = sxt s−1 for an s ∈ G and a t ∈ ΓK . By [6, §12.7, Lemma 18],
for any p′-element y ∈ G there is an f ∈ A ⊗ RK (G) such that
f (y) ≡ 0 (mod M), but f (x) = 0 if x is a p′-element not K -conjugate to y. (2.1.3)
We need an extension of (2.1.3) but with the coprimely splitting condition.
Let y ∈ G be a p′-element; following Brauer’s notation (cf. [2]), we set
sp,K (y) =
{
x ∈ G ∣∣ the p′-component xp′ is K -conjugate to y}, (2.1.4)
and call it the p′-section associated with y.
2.2. Theorem. Notation as above. If ΓeG ,K is coprimely splitting, then there is a function f ∈ A ⊗ RK (G) such
that f (x) ≡ 0 (mod M) for any x ∈ sp,K (y), but f (x) = 0 for any x /∈ sp,K (y).
The proof of the theorem will consist of several lemmas about p–K -elementary groups which we
turn to consider now.
2.3. Assumption. Assume that G is a p–K -elementary group, i.e. G has a normal cyclic subgroup 〈y〉
generated by y of order n coprime to p and a p-subgroup P such that G = 〈y〉P , and that for any
u ∈ P there is a tu ∈ ΓK fulﬁlling uyu−1 = ytu ; in other words, we assume that we have a homomor-
phism
δ : P → Γn,K , u → tu, (2.3.1)
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in Γn,K . Take a linear character λ : 〈y〉 → C× and set Pλ = {u ∈ P | λu = λ}, where
λu(y) = λ(u−1 yu)= λ(yt−1u )= σt−1u (λ(y)).
Obviously, we have CP (y) ⊆ Pλ . Further, take an absolutely irreducible character μ of Pλ , and set
(λ · μ)(yku) := λ(yk)μ(u) for any yk ∈ 〈y〉 and any u ∈ Pλ . By [6, §8.2], the induced character
ψ := IndG〈y〉Pλ (λ · μ) ∈ R(G) (2.3.2)
is an absolutely irreducible character of G , and any absolutely irreducible character of G is obtained in
this way, uniquely up to P -conjugation of λ and μ. Then, by [6, §12.3], there is a positive integer m,
called the Schur index, such that
χ =m · ψˆ ∈ RK (G), where ψˆ =
∑
σ∈ΓK /(ΓK )ψ
σ (ψ) ∈ RK (G), (2.3.3)
is an irreducible character of G over K ; and any irreducible character χ of G over K is obtained in
this way. Some facts about this notation are listed below.
2.4. Lemma.
(i) There is a decomposition 〈y〉 = 〈y1〉 × 〈y2〉 with n1 := |〈y1〉| and n2 := |〈y2〉| coprime such that
Pλ/CP (y) acts on 〈y1〉 faithfully while Pλ/CP (y) acts on 〈y2〉 trivially; in particular, we have 〈y1〉 ⊆
Kerλ.
(ii) The inner product 〈ψˆ, ψˆ〉 is equal to |ΓK : (ΓK )ψ | = |K (ψ) : K |, and the inner product 〈χ,χ 〉 is equal to
m2|ΓK : (ΓK )ψ | =m2|K (ψ) : K |.
(iii) If P is abelian and ΓK is coprimely splitting, then μ is linear too and ψˆ is zero-valued outside 〈y〉Pλ
and the restricted character ResG〈y〉Pλ (ψˆ) is equal to λˆ · μˆ, where λˆ =
∑
t∈ΓK /(ΓK )λ σt(λ), and μˆ =∑
t∈ΓK /(ΓK )μ σt(μ).
Proof. (i) The order |Pλ| is coprime to the order n of 〈y〉, and Pλ/CP (y) acts on 〈y〉 faithfully. So, the
conclusion follows from known facts on coprime actions.
(ii) It suﬃces to note that σt(ψ), t ∈ ΓK /(ΓK )ψ , are mutually different absolutely irreducible char-
acters of G .
(iii) By (2.3.1), 〈y〉Pλ is normal in G . By (2.3.2), we have
ψ(x) =
{0 (hence χ(x) = 0), if x ∈ G − (〈y〉 · Pλ);∑
u∈P/Pλ λ
u(yk)μu(w), if x = ykw ∈ 〈y〉 · Pλ with yk ∈ 〈y〉, w ∈ Pλ; (2.4.1)
where G − (〈y〉 · Pλ) denotes the difference set. As P is abelian, we have μu(w) = μ(w), i.e.
ψ
(
ykw
)= ∑
u∈P/Pλ
σtu
(
λ
(
yk
))
μ(w), ∀yk ∈ 〈y〉, w ∈ Pλ. (2.4.2)
By the surjection ΓK → ΓeG ,K we can reduce it to the case that ΓK = ΓeG ,K . Thus, since ΓK is co-
primely splitting, we have ΓK = Γn,K ×ΓeP ,K with Γn,K acting on 〈y〉 while ΓeP ,K acts on P . Recalling
that 
 is the image of P in Γn,K , we have
(ΓK )ψ =
(

 · (Γn,K )λ
)× (ΓeP ,K )μ;
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λ denote the image of Pλ in Γn,K , see (2.3.1). Then
ψˆ
(
ykw
)= ∑
t′∈Γn,K /
·(Γn,K )λ
∑
t∈ΓeP ,K /(ΓeP ,K )μ
σt′
( ∑
t′′∈
/
λ
σt′′
(
λ
(
yk
)))
σt
(
μ(w)
)
=
∑
t′∈Γn,K /(Γn,K )λ
σt′
(
λ
(
yk
)) ∑
t∈ΓeP ,K /(ΓeP ,K )μ
σt
(
μ(w)
)
,
that is, we have ResG〈y〉Pλ (ψˆ) = λˆ · μˆ. 
2.5. Lemma. Notation as in Assumption 2.3. Moreover, assume that P is abelian.
(i) If μ = 1 then the Schur index m is equal to 1, i.e. ψˆ is realized over K .
(ii) If μ = 1, ΓeG ,K is coprimely splitting, and there is a character μ˜ of P over K such that ResPPλ (μ˜) = paμˆ,
then m divides pa.
Proof. Since 〈y〉 is abelian, RK (〈y〉) = RK (〈y〉); thus λˆ belongs to RK (〈y〉). Following [6, §12.7,
Lemma 17], λˆ can be extended to a character χ0 ∈ R(G) as follows. Consider K (λ) as a vector space
over K and denote by GLK (K (λ)) the general linear group of this vector space; then the regular
representation of K (λ) gives rise to a representation of 〈y〉 over K :
ρ : 〈y〉 → GLK
(
K (λ)
)
, yk → λ(yk),
where the latter λ(yk) is viewed as a linear transformation of K (λ) by left multiplication. Then λˆ is
just the character of the representation ρ . Further, Γn,K is isomorphic to a subgroup of the Galois
group Gal(K (ωn)/K ), hence it is homomorphic to a subgroup of the Galois group Gal(K (λ)/K ); but,
any Galois transformation of K (λ)/K is a linear transformation of K (λ) over K ; then, one can check
that the composition map
P δ−→ Γn,K → Gal
(
K (λ)/K
)⊆ GLK (K (λ))
extends the representation ρ to a representation ρ0 : G → GLK (K (λ)), that the character χ0 of this
representation ρ0 is an extension of λˆ and that χ0 ∈ RK (G) is irreducible over K .
If w is an element of Pλ , then ρ0(w) is the identity transformation of K (λ); thus the restricted
character ResGPλ (χ0) is a multiple of the trivial character 1 of Pλ . Therefore it is easy to check that
χ0 = ψˆ0 where ψ0 := IndG〈y〉Pλ (λ · 1), see (2.3.2) and (2.3.3). This proves the conclusion (i).
To prove (ii), let a representation
τ : P → GLK (V ), u → τ (u),
afford the character μ˜. Then we get a representation of G over K
ρ0 ⊗ τ : G → GLK
(
K (λ) ⊗K V
)
, x → ρ0(x) ⊗ τ (x),
and the character of ρ0 ⊗ τ is χ0 · μ˜. It is clear that the restriction of χ0 · μ˜ to 〈y〉Pλ is
ResG〈y〉Pλ (χ0 · μ˜) = pa(λˆ · μˆ).
Hence one can check that χ0 · μ˜ = l · χ where l is a positive integer.
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l · χ = χ0 · μ˜ = pa · ψˆ = pa · 1
m
· χ.
Thus m divides pa . 
It is easy to check that the coprimely splittingness of ΓeG ,K is inherited by subgroups and quotient
groups of G; so that we can prove the following result arguing by induction on the orders of groups.
If θ is a character of a quotient group G of G , by 〈θ, θ〉G we denote the inner product over G; and it
is known that 〈θ, θ〉 := 〈θ, θ〉G = 〈θ, θ〉G .
2.6. Lemma. Notation as in Assumption 2.3. Denote by sp,K (y) the p′-section associated with any p′-element
y of G as in (2.1.4). If ΓeG ,K is coprimely splitting, then the sum
aχ := 1|P | · 〈χ,χ〉
∑
x∈sp,K (y)
χ(x)
belongs to A.
Proof. Since the centralizer CG(yt) coincides with CG(y) = 〈y〉 × CP (y) for any t ∈ ΓK , we have
sp,K (y) = {ytu | t ∈ Γn,K ,u ∈ CP (y)}.
Case 1. The centralizer CP (y) is not trivial. Then, there is a non-trivial central subgroup Z of the p-
group P such that Z ⊆ CP (y) and therefore Z is a non-trivial central p-subgroup of G . Decomposing
CP (y) into cosets over Z , we have a disjoint union CP (y) =⋃i∈I ui Z . So
sp,K (y) =
{
ytu
∣∣ t ∈ Γn,K , u ∈ CP (y)}= ⋃
t∈Γn,K
⋃
i∈I
⋃
z∈Z
ytui z.
Since ψ is absolutely irreducible, we have a linear character ζ : Z → C× such that ψ(xz) = ψ(x)ζ(z),
∀z ∈ Z , x ∈ G . Thus
aχ = m|P | · 〈χ,χ〉
∑
t′∈ΓK /(ΓK )ψ
∑
t∈Γn,K
∑
i∈I
∑
z∈Z
σt′
(
ψ
(
ytui z
))
= m|P | · 〈χ,χ〉
∑
t′∈ΓK /(ΓK )ψ
σt′
( ∑
t∈Γn,K
∑
i∈I
∑
z∈Z
ψ
(
ytui
)
ζ(z)
)
;
i.e.
aχ = m|P | · 〈χ,χ〉
∑
t′∈ΓK /(ΓK )ψ
σt′
( ∑
t∈Γn,K
∑
i∈I
ψ
(
ytui
)∑
z∈Z
ζ(z)
)
.
If ζ = 1, then we have ∑z∈Z ζ(z) = 0, hence aχ = 0 ∈ A.
Next, assume that ζ = 1, i.e. that Z ⊆ Kerψ . Set G = G/Z = 〈 y¯〉 · P , where P = P/Z and 〈 y¯〉 ∼= 〈y〉.
Since Z is a central p-subgroup of G , one can check that the centralizer CG ( y¯) of y¯ in G is just the
image CG(y)/Z , and the p′-section of y¯ in G is
sp,K ( y¯) =
{
y¯t u¯i
∣∣ t ∈ Γn,K , i ∈ I}.
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∑
z∈Z ζ(z) = |Z |, we get that
aχ = m|P | · 〈χ,χ〉
∑
t′∈ΓK /(ΓK )ψ
σt′
( ∑
t∈Γn,K
∑
i∈I
ψ
(
ytui
)|Z |)
= 1|P | · 〈χ,χ〉G
∑
t∈Γn,K
∑
i∈I
(
m
∑
t′∈ΓK /(ΓK )ψ
σt′
(
ψ
(
ytui
)))
= 1|P | · 〈χ,χ〉G
∑
x¯∈sp,K ( y¯)
χ(x¯).
Since |G| < |G|, arguing by induction on the orders of groups, we obtain that aχ belongs to A.
Case 2. We have CP (y) = 1. Then, the following holds:
• sp,K (y) = {yt | t ∈ Γn,K } which is a K -class, and we have |sp,K (y)| = |Γn,K |;
• P ∼= 
, i.e. the map δ in (2.3.1) is injective; hence P is abelian.
We divide the sequel of the proof in two subcases.
Subcase 2.a. Pλ is trivial, so that μ = 1.
Set λ′ = ∑t∈
 σt(λ); then, we have (Γn,K )λ′ = 
 · (Γn,K )λ , and by (2.4.2), we get ΓK /(ΓK )ψ =
Γn,K /(Γn,K )λ′ . On the other hand, by Lemma 2.5(i), the Schur index m is equal to 1. Thus, we have
χ = ψˆ =
∑
t∈Γn,K /
·(Γn,K )λ
σt(ψ),
and 〈χ,χ 〉 = |Γn,K : 
 · (Γn,K )λ|. Since |Γn,K : 
 · (Γn,K )λ| divides |Γn,K : 
|, we get
aχ = 1|P | · 〈χ,χ〉
∑
x∈sp,K (y)
χ(x) = |Γn,K ||P | · |Γn,K : 
 · (Γn,K )λ| · χ(y) ∈ A.
Subcase 2.b. Pλ is not trivial or, equivalently, 
λ := {t ∈ 
 | σt(λ) = λ} ∼= Pλ = 1.
Adopting the notation in Lemma 2.4(i), we have that
〈y〉 = 〈y1〉 × 〈y2〉
with n1 = |〈y1〉| coprime to n2 = |〈y2〉|, and 
λ acting faithfully on 〈y1〉 while it acts trivially on 〈y2〉;
in particular, 〈y1〉 is contained in Kerλ. By our assumption, we have Γn,K = Γn1,K × Γn2,K with Γn1,K
and Γn2,K respectively acting on 〈y1〉 and 〈y2〉. Consider the projections from Γn,K onto Γn1,K and
onto Γn2,K ; let 
1 and 
2 be the respective images of 
 in Γn1,K and in Γn2,K ; then, we get

λ = 
 ∩ Γn1,K ⊆ 
1.
Moreover, since 
λ is the kernel of the projection of 
 to Γn2,K , we have |
| = |
2| · |
λ|.
Considering μˆ ∈ RK (Pλ) as a character of 
λ ∼= Pλ , we have the induced character μ˜ := Ind
1
λ(μˆ).
Through the projection from 
 onto 
1, μ˜ is inﬂated to a character of 
, denoted by μ˜ again. We
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ResPPλ (μ˜) = |
1 : 
λ| · μˆ.
Moreover, by Lemma 2.5(ii), the Schur index m divides |
1 : 
λ|.
Furthermore, since ΓeG ,K is coprimely splitting, we have
ΓeG ,K = Γn1,K × Γn2,K × ΓeP ,K ,
and moreover

 ⊆ 
1 × 
2 ⊆ Γn1,K × Γn2,K .
Since P is abelian, from the equality (2.4.2) we get K (ψ) = K (λ)
2 · K (μ); thus
(ΓeG ,K )ψ = Γn1,K × 
2 × (ΓeP ,K )μ,
hence
χ =mψˆ =m
∑
t′∈Γn2,K /
2
∑
t∈ΓeP ,K /(ΓeP ,K )μ
σt′σt(ψ).
We obtain that
〈χ,χ〉 =m2|Γn2,K : 
2| ·
∣∣ΓeP ,K : (ΓeP ,K )μ∣∣;
and by Lemma 2.4(iii), we have
χ(y) =mλˆ(y)μˆ(1) =mλˆ(y)
∑
t∈ΓeP ,K /(ΓeP ,K )μ
σt
(
μ(1)
)=m · ∣∣ΓeP ,K : (ΓeP ,K )μ∣∣ · λˆ(y).
Recalling that sp,K (y) is a K -class and that |sp,K (y)| = |Γn,K |, we have
aχ = 1|P | · 〈χ,χ〉
∑
x∈sp,K (y)
χ(x)
= |Γn,K | ·m · |ΓeP ,K : (ΓeP ,K )μ| · λˆ(y)|P | ·m2 · |Γn2,K : 
2| · |ΓeP ,K : (ΓeP ,K )μ|
= |Γn,K ||P | ·m · |Γn2,K : 
2|
· λˆ(y).
But we have |P | = |
| = |
2| · |
λ|; hence, the coeﬃcient of λˆ(y) above has the form
|Γn,K |
|P | ·m · |Γn2,K : 
2|
= |Γn1,K | · |Γn2,K |
m · |Γn2,K | · |
λ|
= |Γn1,K : 
λ|
m
= |Γn1,K : 
1| ·
|
1 : 
λ|
m
∈ Z.
In conclusion, we obtain that aχ belongs to A, which completes the proof of Lemma 2.6. 
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sp,K (y) be the p′-section associated with y and fsp,K (y) the characteristic function of sp,K (y). If ΓeG ,K is
coprimely splitting, then the function nfsp,K (y) belongs to A ⊗ RK (G).
Proof. The function nfsp,K (y) is equal to
∑
χ aχ · χ with χ running over the irreducible characters of
G over K ; and by Lemma 2.6 we have
aχ =
〈nfsp,K (y),χ〉
〈χ,χ〉 =
1
|P | · 〈χ,χ〉
∑
x∈sp,K (y)
χ
(
x−1
) ∈ A. 
Now we go from the p–K -elementary case to the general one.
Proof of Theorem 2.2. First, we follow the idea in [6, §12.7, Lemma 18]. Set
C KG (y) =
{
s ∈ G ∣∣ there is a t ∈ ΓK such that sys−1 = yt}.
Take a Sylow p-subgroup P of C KG (y); then H := 〈y〉P is a p–K -elementary subgroup of G . Set
n := |〈y〉|; by Proposition 2.7, we have a function ϕ ∈ A ⊗ RK (H) such that
ϕ(x) =
{
n if xp′ is K -conjugate to y;
0 otherwise; ∀x ∈ H .
Set f = IndGH (ϕ) which belongs to A ⊗ RK (G); by the same argument as in [6, §12.7, Lemma 18],
one can check that f (y) ≡ 0 (mod M). So, for any x ∈ G with xp′ being K -conjugate to y, by the
formula (2.1.2) we have
f (x) ≡ f (xp′) = f (y) ≡ 0 (mod M).
But, if xp′ is not K -conjugate to y then, for any s ∈ G such that sxs−1 ∈ H , the p′-component of
sxs−1 is not K -conjugate to y, hence we have ϕ(sxs−1) = 0; thus, we get f (x) = IndGH (ϕ)(x) = 0. 
3. Proof of Theorem 1.1
We begin with few notation on spectrums of commutative rings.
Let R be a commutative ring (with unity). The spectrum Spec(R) is the topological space with
the set of all the prime ideals of R as its base set and with the Zariski topology, i.e. with V (I) :=
{P ∈ Spec(R) | I ⊆ P } for all ideal I of R being the closed subsets. For any idempotent e of R , the
subset X(e) := {P ∈ Spec(R) | e /∈ P } is both open and closed; actually, any open and closed subset
of Spec(R) is obtained in this way; moreover, we have X(e) ⊆ X( f ) for two idempotents e and f if
and only if ef = e; in particular, the connected components of Spec(R) correspond one-to-one to the
primitive idempotents of R .
Further, assume that R ′ is an integral extension of R , i.e. R is a unitary subring of R ′ and R ′ is
integral over R; then we have the so-called contraction map
γ : Spec(R ′)→ Spec(R), P ′ → P ′ ∩ R,
which is continuous and surjective; see [5, §7.5, §7.6] for details. In this context, an idempotent e
of R is also an idempotent of R ′; to avoid confusion, let XR(e) stand for the subspace of Spec(R)
determined by e, while XR ′(e) stands for the subspace of Spec(R ′) determined by e. For any primitive
idempotent e′ of R ′ , since γ is continuous, the image γ (XR ′ (e′)) of the connected component XR ′(e′)
of Spec(R ′) is a connected subset of Spec(R) and we need the following fact.
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and γ (XR ′ ( f ′)) are closed and mutually disjoint, then e′ belongs to R and we have γ (XR ′ (e′)) = XR(e′).
Proof. Since XR ′(e′) ∪ XR ′( f ′) = Spec(R ′) and XR ′(e′) ∩ XR ′( f ′) = ∅, the inverse image in Spec(R ′) of
γ (XR ′ (e′)) is XR ′(e′). Let e be the idempotent of R such that γ (XR ′ (e′)) = XR(e); it is easy to see that
γ (XR ′ (e)) ⊆ XR(e), so that XR ′(e) is contained in XR ′(e′) and hence we have ee′ = e. Set f = 1 − e;
similarly, we get f f ′ = f . But e + f = 1 = e′ + f ′ and ef = 0 = e′ f ′ , thus e′ is equal to e ∈ R . 
Return to the character ring S ⊗ RK (G) in Theorem 1.1. First we consider the special case S =
Zπ [ωh] as in Corollary 1.2, and start by adapting the notation in [6, §11.4] to our situation.
3.2. Notation. Let G , K , π , Zπ be as in Introduction. Set ω := ωh with eG dividing h, A := Zπ [ω], and
ΓK := Γh,K . Let clK (G) denote the set of all the ΓK -classes of G , while cl′K (G) denotes the set of all
the π -regular ΓK -classes of G . It is obvious that Zπ is a noetherian integral domain and that
Spec(Zπ ) =
{
pZπ
∣∣ p ∈ π ∪ {0}}.
Since A is ﬁnitely generated over Zπ , it is a noetherian integral domain and the contraction map
Spec(A) → Spec(Zπ ) is surjective. Let M ∈ Spec(A); then we have M∩Zπ = pZπ for some p ∈ π ∪{0}.
If p = 0 then M = 0. Otherwise, p belongs to π , M contains pA and M/pA is a prime ideal of
A/pA: in this case M is said to be of residual characteristic p; but clearly A/pA = Zπ [ω]/pZπ [ω] ∼=
(Z/pZ)[ω]; thus there are ﬁnitely many elements Mi,p , i ∈ I p , in Spec(A) which contain p and then
A/Mi,p is a ﬁnite ﬁeld of order pli . In conclusion, we have that
Spec(A) = {Mi,p | p ∈ π, i ∈ I p} ∪ {0}. (3.2.1)
Let AclK (G) be the ring of all the A-valued ΓK -class functions on G . Since AclK (G) is ﬁnitely generated
over A, we have the following contraction maps which are all continuous and surjective:
Spec
(
AclK (G)
)→ Spec(A ⊗ RK (G))→ Spec(A) → Spec(Zπ ). (3.2.2)
It is easy to see that
Spec
(
AclK (G)
)= {FM,C ∣∣ M ∈ Spec(A), C ∈ clK (G)},
where FM,C = { f ∈ AclK (G) | f (x) ∈ M for any x ∈ C}, and that the subsets
DC :=
{
FM,C
∣∣ M ∈ Spec(A)}= XAclK (G) ( fC ), C ∈ clK (G),
are just all the connected components of Spec(AclK (G)), where fC is the characteristic function of
the ΓK -class C , which is a primitive idempotent of AclK (G); moreover, every DC is homeomorphic to
Spec(A). Therefore, by the contraction map (3.2.2), the members of Spec(A ⊗ RK (G)) are as follows
Spec
(
A ⊗ RK (G)
)= {PM,C ∣∣ M Spec(A), C ∈ clK (G)} (3.2.3)
where
PM,C = FM,C ∩
(
A ⊗ RK (G)
)= { f ∈ A ⊗ RK (G) ∣∣ f (x) ∈ M for x ∈ C};
moreover, the images of DC ’s by the contraction map are
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{
PM,C
∣∣ M ∈ Spec(A)}, C ∈ clK (G), (3.2.4)
which are connected subspaces of Spec(A ⊗ RK (G)).
As in Notation 2.1, any x ∈ G is uniquely written as x = xπ ′xπ with π ′-element xπ ′ and π -element
xπ such that xπ xπ ′ = xπ ′xπ ; then xπ ′ is called the π ′-component (or π -regular component) of x. For
every C ′ ∈ cl′K (G), let sπ,K (C ′) be the subset of the elements of G whose π ′-components are in C ′; fol-
lowing Brauer’s notation (see [2]), we call sπ,K (C ′) the π ′-section associated with the π ′–ΓK -class C ′ .
Set
UC ′ =
⋃
C⊆sπ,K (C ′)
LC , (3.2.5)
where the subscript expression C ⊆ sπ,K (C ′) means that C runs over the C ∈ clK (G) such that C ⊆
sπ,K (C ′), and
f sπ,K (C ′) =
∑
C⊆sπ,K (C ′)
fC , (3.2.6)
which is the characteristic function of the subset sπ,K (C ′) of G .
The following is just Corollary 1.2 but with a more precise description.
3.3. Theorem. Notation as above. We assume that ΓeG ,K is coprimely splitting. Then the idempotents fsπ,K (C ′)
belong to A ⊗ RK (G), UC ′ coincides with XA⊗RK (G)( f sπ,K (C ′)) and, for C ′ running on cl′K (G), the UC ′ are all
the connected components of Spec(A ⊗ RK (G)).
Proof. We reduce the general proof to the proof of the following two statements:
(i) the subspaces UC ′ , with C ′ running on cl′K (G), are pairwise disjoint;
(ii) UC ′ for any C ′ ∈ cl′K (G) is a connected and closed subspace.
Indeed, these statements imply that each subspace UC ′ has the supplementary set
⋃
C ′′ =C ′ UC ′′ which
is closed, hence UC ′ is also open; i.e. each UC ′ is a connected component of Spec(A⊗RK (G)); further,
applying Lemma 3.1 to the contraction map in the formula (3.2.2): AclK (G) → A ⊗ RK (G), and to
the idempotent (3.2.6), we obtain that f sπ,K (C ′) belongs to A ⊗ RK (G) and that UC ′ coincides with
XA⊗RK (G)( f sπ,K (C ′)).
For the proof of these statements, our argument is based on the following three facts on the
elements of Spec(A ⊗ RK (G)) described in the formula (3.2.3):
Fact (a). PM1,C1 = PM2,C2 provided M1 = M2 .
Fact (b). P0,C1 ⊆ P0,C2 if and only if P0,C1 = P0,C2 which is equivalent to C1 = C2 .
Fact (c). If M ⊇ pA with p ∈ π , we have PM,C1 = PM,C2 if and only if the p′-component of any element of
C1 is ΓK -conjugate to the p′-component of an element of C2 .
Fact (a) is obvious since PMi ,Ci ∩ A = Mi by the contraction map in (3.2.2).
For the proof of Fact (b), suppose that C1 = C2; considering the function
|G| · fC2(x) =
{ |G| if x ∈ C2,
0 if x /∈ C2,
it follows from the formula (2.1.1) that |G| · fC2 belongs to A ⊗ RK (G) and to P0,C1 , but |G| · fC2 does
not belong to P0,C2 .
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the necessity, by (2.1.2) again we can assume that C1 and C2 are different p-regular ΓK -classes; then,
by the formula (2.1.3), we have a function f ∈ A ⊗ RK (G) which fulﬁls that f (x1) ≡ 0 (mod M) for
any x1 ∈ C1, but that f (x2) = 0 for any x2 ∈ C2; so f does not belong to PM,C1 whereas it belongs
to PM,C2 ; thus PM,C1 = PM,C2 .
First, for two different elements C ′ and C ′′ of cl′K (G), we claim that
• UC ′ ∩ UC ′′ = ∅,
which proves the statement (i). Suppose it is not the case; then there are an element PM,C in
Spec(A ⊗ RK (G)) and connected subspaces LC1 ⊆ UC ′ and LC2 ⊆ UC ′′ such that
PM,C ∈ LC1 ∩ LC2 ,
where C1 ⊆ sπ,K (C ′) and C2 ⊆ sπ,K (C ′′); by Fact (a) it follows that
PM,C1 = PM,C = PM,C2;
but, if M = 0 then this is impossible by Fact (b). Thus we have M = 0; hence M contains pA for
some p ∈ π , and by Fact (c), the p′-components of the elements of C1 and C2 are ΓK -conjugate to
each other, hence the π ′-components of these elements are also ΓK -conjugate to each other, which
contradicts that C ′ = C ′′ .
Next, for any C ′ ∈ cl′K (G), the π ′-section sπ,K (C ′) is the union of the ΓK -classes C whose elements
have π ′-components in C ′ . By the formula (3.2.4), for every C ∈ clK (G) with C ⊆ sπ,K (C ′) the subset
LC is a connected subspace of Spec(A ⊗ RK (G)). Take any ΓK -class C ⊆ sπ,K (C ′) and any x ∈ C , and
assume that the order of x is pk11 · · · pkrr n′ , where p1, . . . , pr are different primes in π , ki are positive
integers for any i = 1, . . . , r, and p  n′ for any p ∈ π ; then we have x = x1x2 · · · xrx′ , where the order
of xi is p
ki
i and the order of x
′ is n′ , and x1, . . . , xr, x′ commute with each other; in particular, x′
belongs to C ′ . We have a sequence of ΓK -classes C = C0,C1, . . . ,Cr = C ′ such that
x = x1x2 · · · xrx′ ∈ C0, x2 · · · xrx′ ∈ C1, . . . , xrx′ ∈ Cr−1, x′ ∈ Cr .
Since each pi belongs to π , by the formula (3.2.1) there are Mi ∈ Spec(A) for i = 1, . . . , r such that
Mi ⊇ pi A; by Fact (c) we have
PMi ,Ci−1 = PMi ,Ci ∈ LCi−1 ∩ LCi .
Thus, LCi−1 is “connected with” LCi for i = 1, . . . , r. So LC = LC0 is “connected with” LC ′ = LCr . In
conclusion, we obtain that
• for any C ′ ∈ cl′K (G), the UC ′ is connected.
At last, for any C ′ ∈ cl′K (G) set UC ′ =
⋃
C⊆sπ,K (C ′) V (P0,C ), where
V (P0,C ) =
{
P ∈ Spec(A ⊗ RK (G)) ∣∣ P ⊇ P0,C}
which are closed subsets of the spectrum Spec(A ⊗ RK (G)); thus UC ′ is a closed subspace. According
to deﬁnitions (3.2.4) and (3.2.5), PM,C contains P0,C ; and hence LC is contained in V (P0,C ); so that
UC ′ is contained in UC ′ . Further, we claim that
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which completes the proof of Theorem 3.3 because it implies that UC ′ is closed.
Suppose it is not the case, i.e. there is P ∈ Spec(A ⊗ RK (G)) such that P ∈ UC ′ − UC ′ . Since we
have shown that Spec(A ⊗ RK (G)) is the disjoint union of UC ′′ for C ′′ running in cl′K (G), there
are C1,C2 ∈ clK (G) such that C1 ⊆ sπ,K (C ′) but C2  sπ,K (C ′), whereas P belongs to V (P0,C1 )
and to LC2 ; in other words, P contains P0,C1 and we have P = PM,C2 for some M ∈ Spec(A), i.e.
PM,C2 ⊇ P0,C1 .
If M = 0, then P0,C2 ⊇ P0,C1 , which contradicts Fact (b) since C1 = C2. Thus we have M ⊇ pA
for some p ∈ π . Choose xi ∈ Ci , i = 1,2; then x1 has its π ′-component in C ′ but x2 has its π ′-
component not in C ′ , thus the p′-component of x1 is not ΓK -conjugate to the p′-component of x2.
By Theorem 2.3, there is an f ∈ A ⊗ RK (G) such that f (x1) = 0 but f (x2) ≡ 0 (mod M). That is, f
belongs to P0,C1 but it does not belong to PM,C2 , a contradiction to the inclusion PM,C2 ⊇ P0,C1 above.
So the proof is completed. 
Now Theorem 1.1 is easily derived from Theorem 3.3.
3.4. Proof of Theorem 1.1. Let S˜ be the fraction ﬁeld of S , i.e. the minimal subﬁeld of C which con-
tains S . We know that both S ⊗ RK (G) and A ⊗ RK (G) are contained in the ring S˜(ω) ⊗ RK (G) =
S˜(ω)clK (G) , which consists on all the S˜(ω)-valued ΓK -class functions on G . It is enough to show that
the number of primitive idempotents of S ⊗RK (G) is equal to the number of π -regular ΓK -conjugacy
classes of G; thus, by Theorem 3.3, it is enough to show that the commutative rings S ⊗ RK (G) and
A ⊗ RK (G) have all the idempotents in common.
Each idempotent of S˜(ω)clK (G) is a characteristic function f Tˆ for exactly one subset T ⊆ clK (G),
where Tˆ denotes the union of the K -classes in T . Then we have
f Tˆ =
∑
i
aiχi, with ai =
〈 f Tˆ ,χi〉
〈χi,χi〉 =
1
|G|〈χi,χi〉
∑
x∈Tˆ
χi
(
x−1
)
,
where χi runs over the irreducible characters of G over K . Note that ai belongs to K ∩ Q(ω), so that
ai belongs to A if and only if
ai ∈
(
K ∩ Q(ω))∩ A = K ∩ (Q(ω) ∩ A)= K ∩ A.
On the other hand, since S ∩ Q(ω) ∩ K = A ∩ K , we see that ai belongs to S if and only if
ai ∈
(
K ∩ Q(ω))∩ S = K ∩ A.
That is, the idempotent f Tˆ belongs to A ⊗ RK (G) if and only if it belongs to S ⊗ RK (G). 
4. Proof of Theorem 1.4
We still begin by ﬁxing notation.
4.1. Notation. Let G , K , π , Zπ be as in Introduction; set ω := ωh with eG | h, ΓK := Γh,K and A :=
Zπ [ω]. Let
ψ j, j = 1, . . . ,k, (4.1.1)
be all the absolutely irreducible characters of G . The group ΓK acts on R(G) in a natural way, and it
permutes the ψ j ’s in (4.1.1) by mapping ψ j to σt(ψ j), where t ∈ ΓK and σt ∈ Gal(K (ω)/K ). Assume
that ψi , i = 1, . . . , r is a representative set of the ΓK -orbits; then the sums
Y. Fan, X. Hu / Journal of Algebra 328 (2011) 355–371 369ψˆi =
∑
t∈ΓK /(ΓK )ψ
σt(ψ), i = 1, . . . , r, (4.1.2)
form the classical Z-basis of RK (G), see Notation 2.1.
Let cl′(G) denote the set of all the π -regular classes of G . For any C ′ ∈ cl′(G), we denote by sπ (C ′)
the subset of G consisting of all the elements of G whose π ′-components are in C ′ and by f sπ (C ′)
the characteristic function of the subset sπ (C ′) as before. By Corollary 1.3(i) and the description in
Theorem 3.3, the following
f sπ (C ′) =
k∑
j=1
〈 f sπ (C ′),ψ j〉 · ψ j, C ′ ∈ cl′(G), (4.1.3)
are just all the primitive idempotents of the commutative ring A ⊗ R(G); in particular, the number of
connected components of Spec(A ⊗ R(G)) is equal to |cl′(G)|.
On the other hand, the group ΓK acts on the set cl
′(G): for any t ∈ ΓK and any C ′ ∈ cl′(G) we
set C ′ t = {xt | x ∈ C ′}. The set of ΓK -orbits on cl′(G) just coincides with cl′K (G) which denotes, as
in Notation 3.2, the set of all the π -regular ΓK -classes of G . For C ′ ∈ cl′(G), we denote by C ′K the
π -regular ΓK -class which corresponds to the π ′-class C ′ , i.e.
C ′K =
⋃
t∈ΓK /(ΓK )C ′
C ′ t, (4.1.4)
where (ΓK )C ′ := {t ∈ ΓK | C ′ t = C ′} is the stabilizer of C ′ in ΓK . As in Section 3, for any C ′K ∈ cl′K (G),
we denote by sπ,K (C ′K ) the subset of G consisting of all the elements of G whose π ′-components are
in C ′K . Obviously,
sπ,K
(
C ′K
)= ⋃
t∈ΓK /(ΓK )C ′
sπ
(
C ′ t
)
,
which is also the union of the ΓK -classes whose elements have π ′-components in C ′K . Accordingly,
for the characteristic function f sπ,K (C ′K ) of the subset sπ,K (C
′
K ) we have
f sπ,K (C ′K ) =
∑
t∈ΓK /(ΓK )C ′
f sπ (C ′ t ). (4.1.5)
4.2. Lemma.
(i) ΓK ∼= Gal(K (ω)/K ) = Gal(Q(ω)/K ∩ Q(ω)).
(ii) As an automorphism group onQ(ω), ΓK stabilizes A = Zπ [ω] and the subring AΓK of the ΓK -ﬁxed points
on A coincides with K ∩ A.
Proof. (i) For any t ∈ ΓK , the K -automorphism σt of K (ω) maps ∑i aiωi , where ai ∈ K , to ∑i aiωit ;
so σt stabilizes Q(ω); moreover, for any a ∈ Q(ω), it is obvious that we have σt(a) = a for all t ∈ ΓK
if and only if a belongs to K ∩ Q(ω).
(ii) Similar to the above argument for (i). 
4.3. Theorem. Let K ′ and K ′′ be subﬁelds of C such that K ′ ∩ K ′′ = K and set B = A∩ K ′′ . Then fsπ,K (C ′K ) with
C ′K running on cl
′
K (G) are all the primitive idempotents of B ⊗ RK ′ (G). In particular, the number of connected
components of Spec(B ⊗ RK ′ (G)) is equal to |cl′K (G)|.
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morphic to the Galois groups Gal(K ′(ω)/K ′) and Gal(K ′′(ω)/K ′′) respectively. Then Γh,K ′′ acts on A
as shown in the above lemma; on the other hand, Γh,K ′ acts on R(G) as described in Notation 4.1.
Thus we have an action of the group Γh,K ′′ × Γh,K ′ on the commutative ring A ⊗ R(G) as follows
(
t′′, t′
)
(a ⊗ f ) = σt′′(a) ⊗ σt′( f ), ∀
(
t′′, t′
) ∈ Γh,K ′′ × Γh,K ′ , a ⊗ f ∈ A ⊗ R(G);
that is, if
∑k
j=1 a jψ j ∈ A ⊗ R(G) with a j ∈ A, then
(
t′′, t′
)( k∑
j=1
a jψ j
)
=
k∑
j=1
σt′′(a j) · σt′(ψ j).
Thus the group Γh,K ′′ × Γh,K ′ permutes the primitive idempotents of A ⊗ R(G), explicited in (4.1.3).
By Lemma 4.2 above, we may assume that both K ′ , K ′′ are subﬁelds of Q(ω) and K ′′ ∩ K ′ = K .
Then we have
Gal
(
Q(ω)/K
)= Gal(Q(ω)/K ′) · Gal(Q(ω)/K ′′);
correspondingly, in Γh = (Z/hZ)× we have
Γh,K = Γh,K ′′ · Γh,K ′ . (4.3.1)
Set AΓh,K ′′ := {a ∈ A | σt′′(a) = a, ∀t′′ ∈ Γh,K ′′ }, the subring of A of the Γh,K ′′ -ﬁxed elements. By
Lemma 4.2(ii), we have AΓh,K ′′ = K ′′ ∩ A = B; moreover, by (4.1.2), the subring R(G)Γh,K ′ of R(G) of the
Γh,K ′ -ﬁxed elements coincides with RK ′ (G). Thus the subring of A ⊗ R(G) of the Γh,K ′′ × Γh,K ′ -ﬁxed
elements is as follows
(
A ⊗ R(G))Γh,K ′′×Γh,K ′ = AΓh,K ′′ ⊗ R(G)Γh,K ′ = B ⊗ RK ′(G).
Hence the sum of any (Γh,K ′′ × Γh,K ′)-orbit of the primitive idempotents of A ⊗ R(G) in (4.1.3) is
exactly one primitive idempotent of B ⊗ RK ′ (G).
Given any primitive idempotent f sπ (C ′) of A ⊗ R(G) in (4.1.3) and any (t′′, t′) ∈ Γh,K ′′ × Γh,K ′ , we
have
(
t′′, t′
)
( fsπ (C ′)) =
k∑
j=1
σt′′
(〈 f sπ (C ′),ψ j〉) · σt′(ψ j). (4.3.2)
Note that, for any t ∈ Γh,K , the map C ′ → C ′ t , y → yt , is a bijection; hence the map sπ (C ′) → sπ (C ′ t),
x → xt , is a bijection. So we have
σt′′
(〈 f sπ (C ′),ψ j〉)= 1|G|
∑
x∈sπ (C ′)
σt′′
(
ψ j
(
x−1
))= 1|G|
∑
x∈sπ (C ′)
ψ j
(
x−t′′
)
= 1|G|
∑
x∈sπ (C ′)
σt′
(
ψ j
(
x−t′′t′−1
))= 1|G|
∑
x∈sπ (C ′)
(
σt′(ψ j)
)(
x−t′′t′−1
)
= 1|G|
∑
y∈s (C ′ t′′t′−1 )
(
σt′(ψ j)
)(
y−1
)= 〈 f
sπ (C ′ t′′t′−1 ), σt
′(ψ j)
〉
.π
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(
t′′, t′
)
( f sπ (C ′)) =
k∑
j=1
〈
f
sπ (C ′ t′′t′−1 ), σt
′(ψ j)
〉 · σt′(ψ j) = f sπ (C ′ t′′t′−1 ).
Recalling equality (4.3.1), we conclude that any (Γh,K ′′ × Γh,K ′)-orbit of the primitive idempotents in
(4.1.3) corresponds to exactly one ΓK -orbit on cl
′(G); thus, by equality (4.1.5), we have that
f sπ,K (C ′K ) =
∑
t∈ΓK /(ΓK )C ′
f sπ (C ′ t )
is exactly a primitive idempotent of B ⊗ RK ′ (G). 
4.4. Proof of Theorem 1.4. It is similar to the proof of Theorem 1.1 at the end of Section 3. Set
B = A ∩ K ′′ as in Theorem 4.3. Let S˜ be the fraction ﬁeld of S . Then both S ⊗ RK ′ (G) and B ⊗ RK ′ (G)
are subrings of S˜(ω) ⊗ RK ′ (G). By Theorem 4.3, it is enough to show that S ⊗ RK ′ (G) and B ⊗ RK ′ (G)
have all the idempotents in common.
Let clK ′ (G) be the set of all the K ′-conjugacy classes of G . By (4.1.2), S˜(ω)⊗RK ′ (G) coincides with
S˜(ω)clK ′ (G) , whose idempotents are like f Tˆ for T ⊆ clK ′ (G), where Tˆ is the union of the K ′-classes in
T and f Tˆ is its characteristic function. Since we have 〈ψˆi, ψˆi〉 = |Γh,K ′ : (Γh,K ′ )ψi | by Lemma 2.4(ii),
we set
f Tˆ =
r∑
i=1
aiψˆi, with ai = 1|G| · |Γh,K ′ : (Γh,K ′)ψi |
∑
x∈Tˆ
ψˆi
(
x−1
) ∈ Q(ω) ∩ K ′.
By the assumption of the theorem, f Tˆ belongs to S ⊗ RK ′ (G) if and only if
ai ∈ S ∩ Q(ω) ∩ K ′ = A ∩ K , i = 1, . . . , r;
on the other hand, f Tˆ belongs to B ⊗ RK ′ (G) if and only if
ai ∈ B ∩ Q(ω) ∩ K ′ = B ∩ K ′ = A ∩ K ′′ ∩ K ′ = A ∩ K , i = 1, . . . , r.
In conclusion, f Tˆ belongs to S ⊗ RK ′ (G) if and only if it belongs to B ⊗ RK ′ (G). 
4.5. Proof of Corollary 1.5. The two conclusions of Corollary 1.5 are special cases of Theorem 1.4. For
the conclusion (i), take K ′ = K and K ′′ = C. For the conclusion (ii), take K ′ = C and K ′′ = K . 
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